This work deals with bounder; value problems of the type Re[a(T) w(t)] = t) and w + (t) « g(t) w~(t) + h(t) for the general form of the systems of nonlinear equations in two dimensional domains.
1. Notations, definitions and preliminaries Let L = LQ + L^ + ,·.., + 1B be the boundary contours of an DM-1-connected Liapounoff region D, where LQ oontains all oontours L·^, k>l, and let r» r^ + r^ + + Γ be another system of finite non-interseoting oontours in the domain D* Assume that L and Γ have no common pointe, then it is olear that the system Γ decomposes the domain D into a finite number of connected subsets. The union of all these regions of the domain D will be oalled, briefly, the domain G. In particular, if Γ is empty, G is a multiply-connected domain. let us consider the following equation * 3w\ _ 3w 1 /aw . α 3w\ W Z • 38 " S (îx -1 âyj» W g e jz * + i äyj» which is the well-known complex form of the general elliptic nonlinear system of two first-order real equations for the unknown funotione u(x,y) and v(x,y) of two independent variables χ and y. 9?(z,w,|,£>) is a complex function of the four independent complex variables z, w,ξ , ρ and we assume that φ is sufficiently smooth funotion of the variables ζ, w, ξ , ¡? (see [2] )· We shall consider a class of complex equations (1.1) which is written in the form (1.2) w_ = q1(ztw,wz)wz + q2(z,w,wz) wz = = h(z,wfwz) = q(z,w,wz)wz (see [2] , [4] , [5] , also [6] ). This class of equation (1.2) oontains quasilinear and linear systems
(1.4) w_ » q1(z)wz+ q2(z)w_.
If q2 = 0 in (1.4), we obtain the familiar Beltrami system w_ « q(z)wz, also, if q1 = q2 = 0, we have the complex form of the Cauchy-Riemann system of equations w_ s 0. We assume that equation ( -635 - V.S, Vinogradov [14] solved the boundary values problem (1.6) for the general linear ease, through the utilization of a conformai mapping onto the unit diso· Boundary values problem (1.6)-(1.7) for the general linear ease has been investigated by author (see [ΐθ] , [12] ). In this work, the effort to fill the gap between the boundary value problem of the type (1.6) for the linear and general nonlinear ease has been ocntinued.
Hypothesis
1.
In respeot of the data of the boundary values problem (1.2)-(1.6)-(1.7), we shall make the following usual assumptions on the coefficients:
Moreover, the solution w will be sought in the olass of sectionally continuous functions in the domain 6, having continuous extensions up to the boundary and belonging to the class Wp, p> 2.
Let n1 s arg a(t) and ng » » Ararg g(t), then the number η « ^ + ng will be called the total winding number corresponding to the boundary condition (1.6)-(1.7).
General transmission
To begin, let us suppose that g » 1, then we have Proposition 1· Under Hypothesis 1, the boundary values problem (1.2)-(1.6)-(1.7) is equivalent to a boundary values problem of the type (1.2)-(1.6) in D, For the proof, at first, we shall restrict ourselves to the case, when the domain bounded by the contours Ρ with For a special case of the equation (1.2). a wider class of functions can be considered, i.e. g,he Cj.(r), 0<y<1 (see [10] ).
respeot to all plane be cannected. This condition was chosen merely for the sake of convenience. As a matter of fact, this method permits ua to treat the general case of the domain G. In general, contours Γ need not be oriented.
Ve make a substitution of the form For the proof, similar to Proposition 1, at first, we shall restrict ourselves to the case when the domain bounded by the aontours Γ with respect to all plane is connected. We shall make a substitution of the form where f(z) is a sectiocally holomorphic function inside the connected domain and outside, vanishing nowhere in the finite part of the plane, satisfying the boundary condition (2.3), g(t) being the coefficient of the boundary condition (1.7), and (2.5) -^-/qtLhli) dtt r h(t) is the free term of the boundary condition (1.7).
Taking into the account the above results and properties of the equation (1.2) (see also [2], [6]), we observe that the boundary values problem (1.2)-(1.6)-(1.7) is reduced to the problem (1.2)-(1.6) in the domain D. The boundary value problem (3.1) of the form γ-? 0 + Cj, where Cj are determined constants, has always a solution, moreover, a unique solution for a defined oonstant o^. Clearly, if g* is Holder continuous, the solution ψ is Holder continuous on the closed domain D + L. As a direot consequence of (3.1), we note the following representation formula.
Every functionß(t) belonging to the class Cy(L), 0<3"<1 αan be represented in the form
on L, where q is the imaginary part of the function φ; φ(ζ) is a function holomorphio in D, continuous in the Holder sense on the closed domain D + L and satisfies the boundary condition (3.1) with t) =^(t) + c(t), c(t) -a piecewise constant funotion on L; CQ = 0 on LQ and c = = const, on Lj (3 = 1,2,*..,m) v and c are uniquely expressible by/)(t).
In connection with boundary condition (1.6) with no loss of generality, we shall assume that ar = 0 and we investigate the boundary values problem (1.2)-(1.6) for the case m = 0;
i.e. D is a simply contacted domain, we observe that by a suitable substitution of the form on L| with no loss of generality, we can assume that the domain is the unit disc *¡zi¿;1, moreover we shall restrict ourselves to the case% when the function h does not involve wt i.e. the equation where P(z,c_jt...tc2n+.j) is a given holomorphic function, relative to ζ and °-|t c 2«***»°2n+1 are ^eal arbitrary constants, for explicit form of this function see for instance [l] . By substitution of the representation (3*6) in the boundary values (3.4)-(3.5)> we obtain the following equation On the other hand, it oan be verified that the following equality
holds (up to a compact operator see also [l4] ), and we oan choose the number ρ >2, such that < 1·, where A ^ is the norm of S in L^, i.e.
This ends the proof. The above reeults have been performed through the utilisation of a conformai mapping onto the unit diso. In the oase when η » 0, we can made use of Green's function for arbitrary simple oonneoted domain, and by somewhat different method derive the uniqueness.
Let ue consider the following boundary condition
If m « 0, and w is a non--trivial solution of the boundary value problem (3.5)-(3.10), then it can be represented in the following form. By substitution of the representation (3*11) into to the equation (3*5) and boundary condition (3*10), we obtain the following equation
In view of Lipschitz condition (1.5)· again we have an inequality similar to (3.8). Taking into account the equality (3.14), the uniqueness has been proved.
It is a remarkable fact that with some new simple tools (for instanoe, extra assumption for the function h; the Holder continuity of h relative to w), similar results ean be obtained.
The following problem is of particular interest for future consideration:
The problem of finding, the functions φ, ψ holomorphic in D, satisfying the boundary conditions Under Hypothesis 1, the boundary values problem'(3.5 J-(3.17) has a solution, and it is unique: As β natter of fact, the unknown constants o^,C2t...»')a on Ιι.|,Ι·2**.·respectively CQ * 0 on LQ, can be chosen such that the uniqueness be derived· Making use of the resulta wbioh were proved by T. On the boundary value problems for equations of elliptio type in multiply conneoted domains, Proo. of 8th National Hath. Conf., Teheran University (1977) 199-207. [12] A, Mamourian:
General transmission and boundary value problems for first-order elliptio equations in multiply conneoted plane domains, Demonstratio Math. 12 (1979) 785-802.
